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ABSTRACT 

r-| . We consider BF-type topological field theory coupled to non-dynamical particle and 

string sources on spacetime manifolds of the form IR x AI3, where A^3 is a 3- manifold 
^^ ■ without boundary. Canonical quantization of the theory is carried out in the Hamiltonian 

r> \ formalism and explicit solutions of the Schrodinger equation are obtained. We show that 

c^ ■ the Hilbert space is finite dimensional and the physical states carry a one-dimensional 

projective representation of the local gauge symmetries. When M.^, is homologically non- 
trivial the wavefunctions in addition carry a multi-dimensional projective representation, 
in terms of the linking matrix of the homology cycles of 7W3, of the discrete group of large 
gauge transformations. The wavefunctions also carry a one-dimensional representation 
of the non-trivial linking of the particle trajectories and string surfaces in AI3. This 
topological field theory therefore provides a phenomenological generalization of anyons to 
(3 -f 1) dimensions where the holonomies representing fractional statistics arise from the 
adiabatic transport of particles around strings. We also discuss a duality between large 
gauge transformations and these linking operations around the homology cycles of A^3, 
and show that this canonical quantum field theory provides novel quantum representations 
of the cohomology of 7W3 and its associated motion group. 
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1. INTRODUCTION 

In (2 + 1) dimensional spacetime, anyons have a by now well-known physical realization 
where magnetic flux tubes are attached to charged particles and the Aharonov-Bohm 
phases resulting from adiabatic transport of the composites give them fractional exchange 
statistics (see [1] for a review) . Anyons are also known to be phenomenologically described 
in quantum fleld theory by Chern-Simons gauge theory, a topological field theory [1,2]. 
We would expect these fractional phases to survive in a 4 dimensional world where flux 
tubes have inflnite extent, as in the conventional Aharanov-Bohm effect. In this Paper 
we shall study a particular topological quantum fleld theory which gives the appropriate 
generalization of anyons to (3 + 1) dimensions. 

Holonomy effects in physical systems should always be described by some topological 
fleld theory. In the following we shall consider a certain class of Schwarz-type topological 
gauge theories, the so-called BF-theories [2-5] , which describe the type of holonomy which 
can occur in adiabatic transport in a theory of point charges and strings where all other 
degrees of freedom decouple. Abelian BF theories in 4 dimensions have for a long time 
been known to be especially suited to describe physical systems where the sources are 
vortex-like conflgurations, and it is well-known that there is a duality between dynamical 
BF-type gauge theories and theories involving Nambu-Goldstone flelds with global abelian 
symmetries. This fact has been used to describe an alternative approach to the Higgs 
mechanism, and it leads to the London constitutive equation in superconductivity [6]. It 
has also recently been exploited in dual models of cosmic strings [7] , and axionic black hole 
theories [8] where the axion charge is physically detectable only by external cosmic strings 
in a 4 dimensional Aharanov-Bohm type process [9] identical to what we shall consider 
here. These 4 dimensional Aharanov-Bohm phases also appear in fleld theories of the QCD 
string [10]. 

On the mathematical side, it was realized in the late 1970's by Schwarz that both 
abelian and nonabelian BF-theories in d dimensions give effectively computable path in- 
tegral representations of a particular topological invariant of (i-manifolds, the Ray-Singer 
analytic torsion [2,3,5,11]. The properties of this non-trivial topological invariant thus 
have natural interpretations through standard techniques of quantum fleld theory. Fur- 
thermore, just as Chern-Simons theory gives representations of linking numbers of curves 
in 3 dimensions [2], BF theories provide path integral representations of the linking and 
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intersection numbers of generic surfaces in d dimensions [2,3,5]. 

Not unrelated to these properties of BF theory is the fact that the statistical phases 
which arise in some models of heterotic string compactification illustrate explicitly the 
possibility of unusual statistics in 4 dimensional string theory [12]. These statistical phases 
can be seen to arise from certain cosmic string and superstring phenomena, such as anomaly 
cancellation in 4 dimensions [13], and they arise from BF-type theories of superstrings 
such as Nambu-Goto string theory modified with the inclusion of the Kalb-Ramond term 
[14]. This possibility was made explicit by Aneziris et al. who showed that more general 
statistics can exist for strings in (3 + 1) dimensions [15]. Just as for particles moving on a 
plane where the configuration space monodromies lead one to consider the braid group of 
the plane, whose representations allow for exotic statistics of charged particles in (2 + 1) 
dimensions [1] , Aneziris et al. constructed representations of the holonomies of closed paths 
in the configuration space of a system of identical, oriented strings which demonstrate the 
possibility of fractional statistics. 

The idea of fractional statistics for a system of identical strings requires a better un- 
derstanding of the Hilbert space of physical states for such a system [12]. In this Paper 
we shall consider (3 + 1) dimensional abelian BF-type topological field theory coupled 
to non-dynamical string sources, but in the limiting case where one set of strings can be 
considered as points in space (the situation in cosmic string scenarios) so that the compos- 
ite states are point particles with infinitely thin fiux tubes attached (Section 2), the same 
situation that arises in pure Chern-Simons gauge theory. One advantage of this simplifying 
limit is that we need not worry about regulating the usual divergences which arise from 
self-linking terms. We shall also consider only spacetime manifolds without boundary . 

We explicitly construct the Hilbert space of the theory by considering the canonical 
quantization of this model in the Hamiltonian formalism. We begin by examining how 
particle-string holonomies are represented in the wavefunctions when the spatial 3-manifold 
is fiat Euclidean 3-space IR (Section 3). There we obtain a simple representation of 
the particle-string linking in IR through a spherical solid angle function which is the 3- 
dimensional version of the usual multivalued angle function which appears in planar anyon 
theories [1]. In this case the Hilbert space is one dimensional and the physical states carry 
a unitary representation of both the statistics and the local gauge group. 



For spacetime manifolds with boundary, the analogs of the boundary localized edge states and vertex 
operators of Chern-Simons theory have been studied in [16]. 



We then consider the case where the spatial manifold is curved, and also allow for 
non-trivial spatial topology (Section 4). There we obtain a generalization of the adia- 
batic particle-string linking found in Euclidean space through a generalized curved space 
spherical angle function, and the wavefunctions again carry a one dimensional unitary rep- 
resentation of the fractional statistics and of the local gauge symmetries. When the space 
has non-trivial homology, we find that it is necessary to normalize the cohomological parts 
of the gauge fields in terms of the linking matrix of the homology cycles [17] in order for 
the correct particle-string linking representation to appear. We shall also see that, when 
the coefficient of the BF action (the "statistics parameter") is of the form Mki/k2 with 
ki and /c2 integers and M the integer-valued determinant of the linking matrix of the p 
homology 1-cycles with the p homology 2-cycles of the 3-manifold, the Hilbert space is 
\k1k2M\P dimensional and the physical states in addition carry a I/C2P dimensional projec- 
tive representation of the associated algebra of large gauge transformations. This algebra 
and the ensuing representations are determined by the linking matrix of the space, and 
thus the BF theory leads to a novel, complete quantum representation of its homological 
properties. We shall further show that these large gauge transformations are dual to the 
linkings of particles and strings around the non-trivial homology cycles of the manifold, and 
their representation within the physical states provides a \ki\P dimensional projective rep- 
resentation of the first and second cohomology of the underlying space. The wavefunctions 
thus also yield intriguing representations of the fundamental group of the particle-string 
configuration space. 

These results shed light on the structure of the enlarged Hilbert space for 4 dimensional 
strings induced by the more complicated fundamental group of the string configuration 
space. They also illustrate the complexity of the quantum theory of anyonic systems in (3 
+ 1) dimensions, and show as well the rich mathematical structure inherent in BF theory 
insofar as providing topological invariants in 3 dimensions. Some details of the calculations 
in the case of a curved manifold are summarized in an Appendix at the end of the Paper, 
where we derive an explicit expression for the generalized adiabatic linking function. 



2. CANONICAL BF THEORY IN FOUR DIMENSIONS 

We begin by describing some of the general features of 4-dimensional BF-type topo- 
logical field theory and its canonical formalism when coupled to sources. Consider the 
field theory of a real-valued 2-form field B and a real-valued 1-form field A defined on a 4 
dimensional spacetime manifold Ai^ with metric of Minkowski signature. The BF action 
is given by the spacetime integral of a 4-form [2-5] 

S= [ —BAdA (2.1) 

JMi 27r 

where j is the coupling constant. This action is invariant under the gauge transform 

A^A + x (2.2) 

where x is a closed 1-form, dx = 0. Modulo elements of the first cohomology group of M.^ 
this is trivially satisfied by an exact 1-form x = dx' ■ On the other hand, like Chern-Simons 
theory in (2 + 1) dimensions [2] the action transforms by a surface term under 

B^B + C (2.3) 

where ^ is a closed 2-form, d^ = 0, which is also satisfied by an exact 2-form ^ = d^' 
modulo elements of the second cohomology group of M.4. 

In the present field theory without sources any closed forms are allowed in (2.2) and 
(2.3). However, when this topological field theory is coupled to sources we also require 
gauge invariance of the Wilson operators 

W[L] = exp (ifA\ , W[E] = exp (i f Bj (2.4) 

for any oriented loop L and any compact orientable surface U in 7W4. This restricts the 
cohomological parts of the closed forms allowed in (2.2) and (2.3) to those with integer- 
valued cohomology so that 



X = 2im , C = 27rm (2.5) 

L Js 

for some integers n and m. In the following we shall assume this restricted gauge symmetry. 
The partition function is given by the path integral 

DA DB exp (i / —B A dA] (2.6) 
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The functional integrals in (2.6) are performed over all gauge orbits and are normalized 
by the volume of the gauge group. This path integral is related to the Ray-Singer analytic 
torsion [18] which is a topological invariant of 7VI4 given by properties of the spectrum of 
the differential operators d and -kd and the Laplacian Dn acting on n- forms on 7W4, and 
here is given explicitly by the ratio of determinants [2,3,11] 



(2.7) 



dety^Di 



dety2nodety^n2 



where detj^ denotes the determinant with zero modes arising from gauge invariance ex- 
cluded. 

Gauge- and topologically-invariant operators in this quantum field theory are given by 
2-cycle holonomies of B and 1-cycle holonomies of A. The expectation value of the Wilson 
loop and surface variables (2.4) is given by the path integral with sources 

JDADB ew(zJ^^4^BAdA + tJ^A + tJ^B) 

< W[Ll W[E] > = ^ '—— ^ L (2.8) 

JDADB exp(z/_^^ ^^ A c/AJ 

where the Wilson loops are the world-lines L of particles and surfaces are the world-sheets 
U of strings. This integral is independent of the metric of A^4 and is also formally a 
topological invariant. It is related to the topological linking number of surfaces U with 
contours L. This can be seen by fixing the gauge and performing the integral to obtain 

[2,3,5] 

< W[L],W[S] > =exp f-4 / dS,Ax) I dlM e^^^' T^) = e^^^'^^'^^ 

(2.9) 
where dS^iy{x) = da '^^ 'g^jrf i^ the differential string area element and l^ parametrizes 
the particle world-line. Here we have for simplicity assumed that 7W4 = IR x IR and 
we use the convention e = +1. (2.9) yields the standard expression for the Gaussian 
linking number I{U, L) of a contour L and a surface U [19]. Path integral representations 
of these linking numbers in arbitrary 4-manifolds can also be obtained [2,3,5] (see the 
Appendix, equation (A.23)). 

A more complete picture of this particle-string system is obtained by canonical quan- 
tization. For this we choose the spacetime to be the product manifold IR x A4^ where IR 
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parametrizes the time. The action is now 

S = jdt I d^x i^e^^P^B^^dpA, + A^f + \B^,T.^'A (2.10) 

where the particle current is given by 



jP{x) = Y,qa f dr^^d(^\x,ra{r)) 

J J_Jn 



(2.11) 



a 

with Tair) the embedding of the world line Lq of particle a with charge Qq in Ai^. It 
satisfies the continuity equation d^^jP = when the world lines are closed. The string 
current is given by 

E-W = 5:^,/ .V."/'^^M^)(x,X,W) (2.12) 

b ^ 

with X^{a) the embedding of the world-sheet i^^ of string h with "electromagnetic" flux 
(f)ly in M./^. It is antisymmetric, E^*^ = — E*^^, and conserved, dyTj^"^ = 0, when either the 
string world-sheet is closed or the embedding obeys the appropriate boundary conditions. 

When the 3- manifold 7VI3 is compact, we require that these sources further obey the 
property that the total charge and total flux both vanish, ^^ qa = X^fe 4'b — 0- The gauge 
constraints (see (2.13) below) imply that the inclusion of non-zero charge and flux sectors 
of the theory require the gauge connections A and B to be sections of some vector bundles 
over 7W3 (as then they have non- vanishing curvature), and they can only be defined locally 
on patches over A4^. In this case the BF action (2.1) must be modified appropriately [20], 
and we shall not consider this technical adjustment in this Paper. Intuitively, the constraint 
that the total charge and fiux vanish in a closed space is required since their electric and 
"magnetic" fiuxes have nowhere to go. 

The temporal components of the fields are Lagrange multipliers which enforce the 
constraints 

^d,B'+f^O , ^e'jkd^Ak + E^'r^O (2.13) 

where B^(x) = ^e^-^ Bjfg(x). The second constraint in (2.13) confines "electromagnetic" 
flux to the string world sheets and gives the analog of the Meissner effect in a BCS su- 
perconductor [6]. The flrst constraint then couples this flux to the particle charges with 



In this Paper we shall implicitly assume that all antisymmetric tensors, Dirac delta functions, spatial 
index contractions and volume forms dPx contain the appropriate metric factors required for diffeomorphism 
invariance. Also, in the following * denotes the Hodge duality operator defined with respect to the metric 
of AI3. 



coupling p-. Thus the propagating gauge degrees of freedom in this field theory decouple 
and their only roles are to attach infinitely long flux tubes to the point charges in this 
theory in terms of the coefficient k. As in Chern-Simons theory [1], it is this coupling 
which leads to Aharanov-Bohm phases which are ultimately responsible for the statistics 
of these charged particle composites. 

The remaining action 

S^ j dt j^d\ Q^B'A, + A,f + Ib.jJ:'^^ (2.14) 

is of first order in time derivatives and is therefore already expressed in phase space with 
the spatial components of A and B being the canonically conjugate variables. It leads to 
the canonical commutator 

[A,(x),S^(2/)]=^5^5(3)(x,y) (2.15) 

In the temporal gauge Aq = 0, Bqj = 0, the Hamiltonian is 

H = l^d^x (-Af - Ib.jJ:'-^^ (2.16) 

The canonical formalism above can now be used to solve for the spectrum of the Hamilto- 
nian (2.16). In the following we shall show that the associated Hilbert space states repre- 
sent fractional particle-string linking numbers as well as the possible non-trivial topological 
properties of the 3-manifold Ai^. 



3. PARTICLE-STRING HOLONOMY IN EUCLIDEAN SPACE 

To get an intuitive idea of how the wavefunctions of BF-theory represent fractional 
linking numbers of particles and strings, we first consider the relatively simple case where 
A^3 is Euclidean 3-space IR . We can decompose the fields over IR using the Hodge decom- 
position, assuming that they have compact support. We then have the usual longitudinal 
and transverse decompositions 



A = de + *dK' or A, = V,e + e,^kV^K'^ (3.1) 

*B = de' + *dK or B' = Ve' + t'^^V.Kk (3.2) 



The commutation relations (2.15) now take the form 
27rz 1 



[0{x).e'{y)] 



k V2 



5(3)(:r,y) , [K,{x),K'\y)\ 



? ^/-^U*'^'(-) 



(3.3) 



and can be represented by the functional derivative operators 

A,(x)=V,^(x)-— e,,,V^^^^-^ 



(3.4) 



k V2 59 {x) 



We treat the constraints (2.13) as physical state conditions which separate the gauge- 
invariant states in the Hilbert space of the canonical quantum field theory. In the functional 
Schrodinger picture, we see from (3.4) that they are solved by wavefunctionals of the form 



*phys[^.^;^] = exp 



Qii 



i / d-^x {e{x)f{x,t)+K,{x)E^\x,t) 



^{t) 



(3.5) 



Note that the continuity equation d^T^^ = is required for the constraints (2.13) to 
be satisfied in (3.5) here. The time-independent gauge symmetries (2.2) and (2.3) are 
therefore represented projectively as 



^phys[^ + X,^ + ^';^]=exp ijd^x (x'(x)/(a:,t)+e,'(x)EO*(x,t)) ^^^y,[e,K-t] 

(3.6) 
where the projective phase is a non-trivial local U(l) 1-cocycle. Then, to solve the 
Schrodinger equation 

ilf^v^ys[0,K-t] = H^^^^,[e,K-t] (3.7) 

from (2.16) and (3.4) we obtain 

^ f dt' j d\ (aV X j)^l^TP\x,t') + (V ■ T.)^3\x,t 



^(t) = exp 



(3.8) 



where E^ = ^ejjfcS-^ . 

We now substitute in the source currents (2.11) and (2.12) with the particle trajectories 
and string surfaces in A^3 parametrized by time; i.e. r^{T) = r and X^{a^, a ) = a^. Then 
using the Green's function for the 3 dimensional Laplacian on IR 



(^\^\y) 



1 



47r|a: — y\ 



(3.9) 



and integrating by parts over IR the full wavefunctional is therefore 

dxm.a 



*phys[^.^;^] =exp 



^ll^ahf_ dt' ldae,Jrlit')?^^^ (3.10) 

a,b °° 

dXlit', a) dX^{t', a) \ [rait') - Xj,{t', a)Y^ 



dt' da J \ra{t')-Xb{t',a)\^ 

The final sum in (3.10) (i.e. '^{t)) is the topological linking number of the particle 
trajectories and the string surfaces in IR and is the three dimensional version of the 
linking number in (2.9). This canonical linking is the adiabatic limit of the covariant 
linking found in (2.9) using the path integral approach. As a function of t it is the analog 
of the usual 2 dimensional multivalued angle function which arises in anyon theories as the 
term responsible for giving charged particles anomalous exchange statistics [1] . If we look 
closely at the integrand of this term, we see that it has the form 

l^abl 

where i?^^ = X^ — r^ and $a5(t) is the solid angle formed by the string (along ^^(t, a)) 
as viewed from the charged particle (at ra{t)). Here the "statistics parameter" is ^, i.e. 
when a particle of charge qa encircles a string of fiux (^5 once, \l/phys changes by the phase 
e~~rla^b ^ fpj^g Hilbert space of BF-theory on Euclidean 3-space is therefore 1 dimensional 
and the wavefunctionals carry a 1 dimensional unitary representation of the fractional 
particle-string linking for generic values of the BF coefficient k. 



4. PARTICLE-STRING HOLONOMY IN CURVED SPACES 

We now move on to the more interesting case of a curved space with possibly non- 
trivial topology. We assume that M.^ is a compact, path-connected, orientable 3-manifold 
without boundary. The non-trivial homology of TVf 3 is represented by the homology groups 
Hi{M.^] %) and H2{M.z] S), which by Poincare-Hodge duality both have the same dimen- 
sion that we denote by p. We shall ignore the torsion parts of the homology groups which 
play no role in the following. Let {L^}^=i be a set of generators of Hi(J^^;'Z) and 
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{S'^}^^^ a set of generators of H2{A4i; S). A fundamental characteristic of M.^ is its 
linking matrix [17] 

M-- = Im,{S^,L^) = E^g^ (^-") (4.1) 

which counts the signed intersections Imn of the two dimensional surface E''^ with the one 
dimensional line L"^ in A^3. By definition it is a topological invariant and an integer- valued 
matrix. Note that it is not necessarily symmetric and so it is important to keep track of 
the order of its two indices in what follows. Some examples of constant curvature spaces 
are the 3-sphere S for which p = 0, the 3-torus {S ) where p = 3, and the product 
3- manifold 5" x 5" wherein p = 1. Notice that the linking matrix iVf^™ for the latter 2 
examples is just the p x p identity matrix, as is always the case for a space A^3 which is 
the product of a one- and a two-dimensional space. 

To describe the non-trivial cohomology of 7VI3, we let {a^}^^^ ^ H (M.^; IR) be a basis 
of harmonic 1-forms (i.e. da£ = d*a£ = 0) and {/9^}^^i G H (A4^;JR) a basis of harmonic 
2-forms which are Poincare-duals of the homology generators 



ai = sr , / Pi = sr (4.2) 

As will become clear later on (see the Appendix, equation (A.8)), for our purposes it is 
necessary to choose the normalization (4.2) instead of the standard normalization usually 
employed wherein the harmonic generators a£ and Pi are taken to be Hodge-dual basis ele- 
ments [2] . Here the exterior product of these cohomology generators satisfy the reciprocal 
relation of the homology generators 

aiAPk = Mgk (4.3) 

Ms 

where we define the inverse and determinant of the linking matrix as 

MgkM^'^ = dJ' , M = det[M"^"] (4.4) 

In general Mmn is rational- valued, but M-Mmn is always an integer- valued matrix. We will 
assume that M is positive, since this can always be achieved by changing the orientation of 
TVf 3 if necessary. Finally, the non-Euclidean geometry of A^3 is encoded within the Hodge 
duality operator *. 

The Hodge decompositions of the forms A and B on M.^ are now as follows: The 
l-forni A = Aj^dx^ restricted to A^3 can be decomposed into exact, co-exact and harmonic 
forms as 

A^de + *dK' + Jai (4.5) 
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where the scalar field 9 and l-form field K' satisfy 

*d* A , (^' = *d* dK' 
and the harmonic coefficients are given by 



Vie 



*dA 



a\t)=M'^^ I A A (3m 



A 



L^ 



(4.6) 



(4.7) 



Here V^ denotes the covariant derivative with respect to the metric g of M.^ and Vg is the 
corresponding scalar Laplacian. Likewise the 2-form B — -^B^jdx^ Adx^ can be decomposed 
on A^3 as 

B = dK + *de' + b^Pi (4.8) 

where the scalar field 9' and l-form field K obey 



Vp' = *dB 



d * dK — d* B 



and the harmonic coefficients are 



b\t) = M 



im 



B Aar 



M, 



B 



Ei 



(4.9) 



(4.10) 



Since by assumption Jj^ d x Vg ■ S = 0, the function *dB in (4.9) contains no zero 
modes, or the constant function in this case, of the scalar Laplacian V^. Similarily the 



7(1)^2 



l-form *dA in (4.6) contains no zero modes of the Laplacian (V^^'')'^ acting on 1-forms. 
Moreover, we can set the zero modes oi d * B = Vg x B and *d * A = Vg ■ A to zero 
using time-independent gauge transformations. The harmonic parts (4.7) and (4.10) of 
the fields represent the additional degrees of freedom of A and B that are present when 
A^3 is homologically non-trivial (compare with equations (3.1) and (3.2) of Section 3). 

The gauge constraints (2.13) are again solved by the decomposition (3.5) of the wave- 
functions. Substituting (4.5)-(4.10) into the remaining action, without the gauge con- 
straints, in (2.14) and integrating by parts over A4^ gives 



S 



dt 



— {-evle' + $-K') d^x + AA*j + B A *E ) + —d^Mi^b' 
J Ms \ 27r -^ / 27r 



(4.11) 



where j and E are the dual forms, over Ai-^, of the particle and string current vector 
fields (2.11) and (2.12), respectively. From (4.11) we read off the non-vanishing canonical 
commutators 



e{x),vle'iy) 



2ni 



5(3) (x,y) 



'J' 



K,{x),^'^{y) 
12 



2m 



P^,^(^\x,y) (4.12) 



a\b'^ 



^""'m^^ (4.13) 



k 
where Pij is the transverse projection operator satisfying 

^lP^J=^iP^J=0 , P^JA^=A-{Vg),\-^VlA^ (4.14) 

and the prime on the Laplacian indicates that we remove its zero modes. 

In the Schrodinger picture we therefore consider the wavefunctions ^fphysf^? -^7 '^'i A ^^^ 
we can represent the commutation relations (4.12) and (4.13) by the derivative operators 

^,, , 27rz 1 6 ;^// N 27rz ^ 6 ,. ■,^\ 

k da*^ 

As we shaU see, the projection operator Pj^j ensures the invariance of the wavefunctions 

under the time-independent longitudinal symmetry K -^ K + dA, where A is an arbitrary 

function, which is dual to the string current symmetry E ^ E + *dA, where A is an 

arbitrary 1-form. This symmetry arises from the continuity equation for E^'^. 



4.1. Source- free Case: Effects of Non-trivial 
Topology and Cohomology Representations 

When A^3 has non-trivial homology, the coefficients (4.7) and (4.10) of the harmonic 
parts of the gauge fields transform under the large gauge transformations which arise from 
windings around the non-trivial homology cycles of Ai^ (i.e. n, to 7^ in (2.5)). The 
physical state wavefunctions should respect these global gauge symmetries just as they 
respect the local gauge symmetries generated by (2.13) (see (3.6)), and this constraint then 
partitions the physical Hilbert space into superselection sectors labelled by the homology 
classes of Ai^. To see how this works, we first consider this model without sources. Then 
the constraints (2.13) imply that A and B restricted to Ai^ are closed forms. Consequently, 
the harmonic coefficients (4.7) and (4.10) are topological invariants which generate the 
signed intersection number (4.1) through the operator algebra (4.13) . 



Had we instead chosen the normaUzation of the harmonic generators corresponding to Hodge duahty, i.e. 
Jj, ae A /3k — Sik, then the operator algebra of a^ and 6™ would involve the identity matrix (5^™ rather than 
the linking matrix M^™. However, because of the canonical commutator (2.15), the contour and surface 
integrals of A and B, respectively, would still satisfy the algebra (4.13). 

13 



With no sources present the Hamiltonian (2.16) vanishes and so the wavefunctions are 
time- independent. Moreover, the local gauge constraints (2.13) and the relations (4.5), 
(4.8), and (4.15) imply that 



— *phyj^, K, a] = P,^.-—^pi^yJ^, K, a] = 



59 



SKi 



(4.17) 



so that the physical states depend only on the global harmonic coefficients a . It remains 
to solve for the invariance under the time-independent large gauge transformations (2.2) 
and (2.3) satisfying (2.5), which in terms of the harmonic coefficients (4.7) and (4.10) are 
given by the translations 



a ^^ a + 27m^ 



b^ ~^b^ + 27rm^ 



n^,m^ e ^ 



(4.18) 



It is convenient here to instead work in a holomorphic polarization defined by the 
complex variables 



7^ = a^ + M-Vmfc^' 



7 = a + M pj^kb 



(4.19) 



where p = [Pmk] is an arbitrary symmetric p x p complex- valued matrix whose imaginary 
part is negative-definite. The gauge transformations (4.18) in these new variables are 



7^ ^ 7^ + 27r(n^ + M^V^fcm^) 



7^ 



m£- 



f + 27r(n^ + M-Vm/fcm 



(4.20) 



and the commutation relations (4.13) become 





7^7^ 



f,7^ 



/,f 



-^O 



£k 



where 



n^'' = -2MP^lmppqMi'' 



(4.21) 



(4.22) 



is a real- valued positive-definite symmetric matrix. These relations may be represented by 

(4.23) 



f = ^Q^k d 



k " d-f^ 

and in the coordinates (4.19) we will instead be looking for the coherent state wavefunctions 
which we denote by ^I/o(7)- 



This polarization eludes the delta-function singularities which appear in the wavefunctions when the usual 
Schrodinger polarization is used. 
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The matrix p introduced above can be interpreted as follows. The phase space of the 
source-free BF theory is the 2p dimensional space of the a and h variables 

V = H^{Mi;M)®H'^{Mi]M) (4.24) 

p can then be thought of as parametrizing a complex structure on V forming the p dimen- 
sional complex space of the 7 variables, and this then determines all of the topological 
degrees of freedom which remain in the source-free case modulo the large gauge transfor- 
mations (4.20). In fact, as we shall see later on, the positive-definite symmetric matrix O 
actually defines a metric on V, and from its definition (4.22) (and the definition (4.19)) we 
see that it incorporates the topological linking of the homology cycles of A^3. However, 
since the action (2.1) defines a topological field theory, all observables will be independent 
of this phase space complex structure. This is analogous to the situation in Chern-Simons 
theory [21]. From (4.24) and (4.19) we see that the quantization of the classical phase 
space of the BF system will give (projective) quantum representations of the cohomology 
groups of 7W3. 

From (4.21) it follows that the quantum operators which generate the global gauge 
transformations (4.20) in the Schrodinger picture are 

d_ 

The unitary operators (4.25) in general do not commute among themselves, in contrast 
with their classical counterparts, and the Baker-Campbell-Hausdorff formula 



t/'(n, m) = exp 



27r (n' + M-^^p^km^) A _ k{n' + M-^p^fcm^)(0-l),,7'^ 



(4.25) 



e^+^=e-[^'^]/2e^e^ (4.26) 

along with the commutation relations (4.21) show that the algebra of these large gauge 
transformations is a variation of a clock algebra 

t/(n, m)U{n', m') = e'^^^Hn"M,„m--n'M,„m'-)^^^f^ m')U{n, m) (4.27) 

This U(l) 2-cocycle relation differs from the standard clock algebra in that the matrix Afg^ 
in (4.27) is usually the identity matrix 5^^. On 3-manifolds AI3 for which the linking matrix 
is not trivially the identity matrix the 2-cocycle appearing in (4.27) is quite natural, since 
it then also reflects the possible non-trivial linkings of the homology cycles of A^3 which 
should be represented by the generators of windings around them. To determine the effect 
of these generators explicitly on the wavefunctions ^1/0(7)7 we separate out the derivative 
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part of the operator (4.25) using the Baker-CampbeU-Hausdorff formula (4.26) again, and 
we find that the behaviour of the wavefunctions under large gauge transformations is 

t/(n, m)vl>o(7^) =exp[ - k{n^ + M-V™fcm'=)(^"')^,7'^ - ^k{n^ + M-Vmfc^^)(^"')^g 

X (n'^ + M'^Vr.m^)] ^0 (7^ + 27r(n^ + M"^^p^fcm^)) 

(4.28) 

When the coupling constant r is an irrational number, the algebra (4.27) of large 
gauge transformations is infinite dimensional. Finite dimensional representations of the 
non-trivial homology of M.^, can however be obtained when the BF coefficent k is either 
a positive integer or rational number, k = M^; ^1, ^2 ^ ^^ (Negative k can then be 
obtained by reversing the orientation of Ai^ and thus changing the sign of M). We shall 
assume these discrete values of k for the remainder of this Paper. Then for any set of 
integers (n, to), the algebra (4.27) implies that U{k2n,k2m) commutes with all of the 
other gauge transformation generators, as then the phase in (4.27) is an integer multiple 
of 2n. Since these operators are unitary and commute with the (zero) Hamiltonian here, 
it follows that their action (4.28) on the wavefunctions must lie on the same ray in the 
Hilbert space as that defined by ^1/0(7)7 i-6- 

t/(A;2n,A;2m)^o(7) = e*^(«^")^o(7) (4-29) 

for some phases ?7(„ ^) G S . Comparing this with (4.28) we see that the wavefunctions 
enjoy the quasi-periodicity property 



^0(7 + 2nk2in' + M^Vmfc^ )) = exp 



^V{r 



+ k,{n^ + M^^p^km'^Xn-^: 



£qr 



+ nkik2{n^' + M-^^p^fcm^)(0-l)^,(n'^ + M'^Vr.m^)! vl>o(7 



(4.30) 

The only functions which obey quasi-periodic conditions such as (4.30) are combina- 
tions of the Jacobi theta functions [22] 

c 



e 



d j (^|n) = 5^ exp 
{ni}e7Lp 



inin^' + c^)n^fc(n^ + c^) + 2'Ki{n^' + c^) [z^ + d^) (4.31) 



where c , d^ E [0, 1] and zg E C. The functions (4.31) are well-defined holomorphic func- 
tions of {zg} E €P for n = [Hgk] in the Siegal upper half-plane, and they obey the doubly 
semi-periodic conditions 

c 



e ( ']] {zi + sg + n^/jt^|n) = exp 2mc^sg - mt^IigjJ,^ - 2Tiit^{zg + dg 



e 



,y(^|n) 

(4.32) 
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where S£ and t^ are integers, and 



2,£^ 



e ( ^ J (z£ + CUikr\U) = exp -inCn'^Uikr - 2niCf{zi + df) 



e(^+/^)(^|n) 



(4.33) 

for any non-integer C G IR. It should be emphasized that the transformations (4.32) can 
be performed in many different steps with the same final result, but successive applications 
of (4.32) and (4.33) do not commute. Instead, when applied in different orders, the final 
results differ by a phase which forms a representation of the algebra (4.27). We define 
the operators U{n, m) with the convention that the transformation (4.32) is applied before 
(4.33). 

After some algebra, we find that the algebraic constraints (4.30) are uniquely solved 
by the wavefunctions 



■0 \ d 



c+q 



*i'^ ( 5 ) (7) = e^^'("-^)-7'e ( m^. ] (^M^a"^ I -hk2Mp 



d 



(4.34) 



where g = 1, 2, . . . , kik2M. Computing the periodic behaviour of (4.34) we find that the 
phases in (4.29) are given by the non-trivial 1-cocycle 



%^ = ai(n, m) = c^M^in"^ + d(n/ - lkik2Mn'^M^gm^ 

ZTV ' 2 



(4.35) 



Under an arbitrary large gauge transformation (4.28) we have 

t/(n, m)vl>('^) (rf) (7) = exp ^ [c^M^^n^ + d^m^) - tTrkn^M^^m^ + '^q^M^^n' 

(q^-fciMm^) f c 



X \1/ 







5^[t/(n,m)],,,vl>('^')(^ 



d 



(7) 



d 



(7) 



where the unitary matrices 

"27ri 



[U{n,m)]qq' = exp 



ko \ / ko 



2ni 



(4.36) 



q^—kiMm^^q'^ 



(4.37) 

form a (/c2)^ dimensional projective representation, which is cyclic of period /c2, of the 
algebra (4.27) of large gauge transformations. The projective phase here is the non-trivial 
global U(l) 1-cocycle 

1 



i: 



ar' (n, m) = — ( c'M^in'' + dim" + q'^Mrgn'' - 

^2 V 2 



^ ^'"'n^M^.m' 



(4.38) 
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Therefore, the Hilbert space of source-free BF-theory, on spaces with p dimensional 
first and second homology and linking matrix M , is {kik2M)P dimensional and the 
wavefunctions carry a (/c2)^ dimensional representation of the corresponding discrete group 
of large gauge transformations. Notice that the possible non-trivial homology linking is 
even represented directly in the dimensionality of the Hilbert space. 

4.2. Inclusion of Sources: Fractional Statistics and Duality 

In the last Subsection we have seen that on homologically non-trivial spaces, the Hilbert 
space of physical states is non-trivial even in the absence of particle and string sources (in 
contrast to the simply connected case), due to the existence of non-trivial global gauge 
transformations. To obtain representations of the particle-string holonomy in AI3, we re- 
introduce sources into the problem and Hodge decompose the dual current forms j = jidx^ 
and E = -^Tiijdx^ A dx^ as before on 7VI3. With the same conventions for the particle 
trajectories and string surfaces as in Section 3 above, we have 

j = duj' + *dn + JiM"^^ * Pm (4.39) 

where from the continuity equation d^j^ = 

^d*~j = vluj' = -dtf , d*dn = d~j (4.40) 

and from the explicit form (2.11) of the particle current 

J^W = $^9araWMa^a(t)) (4.41) 

a 

Similarily 

t = dU' + *dn + EiM^"^ * am (4.42) 

where from the conservation law d^'Ef^'^ = 

*d*f: = *d*dU' = dt^o , vJtt = *dt (4.43) 

where Eg = TiQ^dx^, and the explicit expression (2.12) for the string current implies 

^-^ f dXl(t,a)dXi(t,a) 
^iit) = J2^bJ da ^^y y^^ \ p,),j{X,{t,a)) (4.44) 

b 
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As for the gauge fields, we can eliminate the zero modes of the appropriate Laplacian 
operators using our previous assumptions and the symmetries generated by the continuity 
equations for the sources. 

Substituting all of the above Hodge decompositions into (2.16) and integrating by parts 
over A^3, the Hamiltonian can be written as 



H 



,.,(_«ai!_^.as 



Oi 



Ms 



dt 



dt 



72ni 
9' 



e^ 



n,^" + n{x)V'e'\ -ia'j^ + b'E^) 



(4.45) 



and in the Schrodinger picture we can use the representations (4.15) and (4.16) to write 



H 



(Fx 



M, 






Qi 



dt 



— 0,i- ^ 



HK, 



+ Ht (4.46) 



where the topological Hamiltonian Hj^, written in terms of the holomorphic polarization 
(4.19) and the representation (4.23), is 



d 



Ht = K^n - PnmM^^M)M-Pin-\k^'' " T^ (^^ " PnmM^^n) M^^^ (4.47) 

We see that the Hamiltonian separates into three commuting pieces, one depending only 
on the local exact part of A, one on the local exact part of B, and the other depending only 
on the global harmonic parts of the fields. The Schrodinger equation (3.7) can therefore be 
solved by separating the variables 6*, K and 7 to get the wavefunctions \l/p}iyg[6', i^, 7; t] = 
vl/i[^,K;t]vl/r(7;t). 

The local wavefunctionals "^^ must solve the local gauge constraints (2.13), which as 
in (3.5) are solved in the form 

(fix (e{x)f{x,t) + K,{x)E^'{x,t) 



*i[^,K;t]=exp 



Ms 



*L(t) 



(4.48) 



and they represent the local gauge symmetries through a 1 dimensional projective repre- 
sentation as discussed in Section 3. The remaining piece ^ i is found by substituting (4.48) 
and (4.46) into the Schrodinger equation (3.7), from which we find 

^/ dt' [ (fix (Tv{x,t')j^{x,t')-n,{x,t')E^\x,t') 
^ J— 00 JMs ^ 

The evaluation of this integral is done in the Appendix. It is found that 



^L{t) = exp 



(4.49) 



§i(t) = exp 






di'^^ + -^ 3l{t') dt' M-^n E^{t")dt" 

-00 ^^ "^ J —00 J —00 



(4.50 
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where ^ ^ (t) = $'-9''(rQ(t), X^(t, a)) is the generahzation of the sohd angle (3.11) to a 
curved space (see the Appendix, equation (A.20)). Everytime a particle goes around a 
loop, or a loop goes around a particle in the opposite direction, $'5-* increases by An. Thus 
we recover the fractional linking of particles and strings found earlier in Euclidean 3-space. 
The canonical linking function $'-9''(t) is the adiabatic limit of the standard covariant 
particle-string linking in a general 4-nianifold A^4 [2,3,5]. 

The solution \l/y of the Schrodinger equation determined by the topological Hamilto- 
nian Hj^ in (4.47) is immediate 



^r(7; ^) = ^^p 



' (Sn(tO - PnmM'^^it')) dt' M-P{n-%kl^ 



- ^ /' (E„(t') - PnmM'^^J^it')) dt' M^P 

^ J —CO 

X {n-\qM^^ f {Ekin-pkrM'-'jsit")) dt" 

J — CO 

^ ^^O'^ (^) (^' - T^"' /- J^"^^'^ " PnmM-^'jiit')) dt' 

(4.51) 

The last function \l/o in (4.51) is at first glance arbitrary since the combination 7 — 
^^nfc J^^(s„(t') - pnmM'^^Jiit')) dt' in its argument leads directly to a solution of the 
equation 

^*" f (e„ - p„,„A/""i,) A/"*^ (4.62) 



dt k V " '^"'" -v a^ 

which arises from the Schrodinger equation after factoring out the exponential term in 
(4.51). However, when there are no particles and strings present we find that '^^{'j) 
must reduce to the coherent state wavefunctions \I/o(7) discussed in Subsection 4.1 above, 
which we know to be the functions \1/q given by (4.34). (4.51) determines that part 
of the full wavefunction which represents the source currents traversing along the non- 
trivial homology cycles in A^3, as well as the global gauge symmetries through the multi- 
dimensional projective representation discussed in Subsection 4.1. 

When we put together \E'^ and \l/y above, use the equation (4.34) for \1/q , and sub- 
stitute in the expressions (2.11) and (2.12) for the source currents, we obtain the full 
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wavefunction 






X exp 



Z7 



a, 6 



-^1.9«( 



*i?w 



$ 



-oo 



A: ./_ 



6 






jdt') dt' M-^ 

J —oo 

"" J —oo J —oo 

-k^l {T.n{t')-pnmM'^^Ji{t'))dt' 

J —CO 



e fcifc2M 



27r 



-Mfc,7^ 



-kik2Mp 



(4.53) 

As shown in the Appendix, the wavefunctions (4.53) are independent of the particular 
paths of motion of the particles and strings, as long as these do not intersect. They do, 
however, depend on their configurations through the local parts of the gauge fields, the 
topological current integrals and the angle function $^^ (t) — $|^^ (— oo). 

Notice that the states (4.53) also contain 2p free parameters c and d. However, it can 
be observed that 

M) f c\ r .\ / ix4c^d.,T,('7) f C 



^ 



d 



(-7) = i-lf^''^^^^^ 



d 



(7) 



(4.54) 



only when c\d£ E {0, ^}. For other parameter values the reflection symmetry 7 -^ —7 
does not close in the set of functions (4.34). The values c ^di E {0,^} correspond to 
a choice of spin structure on the complex multi-torus formed by the topological phase 
space V modulo large gauge transformations. This spin structure increases the number 
of wavefunctions (4.53) by 4^. We have not found any other symmetry of the theory, for 
example a symmetry that relates different complex structures on V, which would select 
special values for c and d, and it would be interesting to investigate this further. 

The final step in constructing the Hilbert space of the particle-string system is to 
determine the transition amplitudes between physical states. The inner product in the 
finite- dimensional vector space spanned by the wavefunctions (4.53) is given by 



{^1,^2) = J De DK <^i[e,K],^2[0,K]>'p 



(4.55) 



where the inner product on the topological phase space (4.24) is defined by the usual 
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coherent state measure for the holomorphic polarization (4.19) [23] 

< ^i,*2 >v= W^i^ d^ detO"^ e-^iH^-')ka ^1(^)^2(7) (4.56) 

In the subspace spanned by the wavef unctions (4.34), wherein the integrand of (4.56) is 
completely invariant under the large gauge transformations (4.20), the integration in (4.56) 
can be restricted to the plaquette P = {7^ = u^ + M'^^p^y^j^v^ : -u^, v^ E [0, 1]}, the multi- 
torus which is the reduced phase space of the 7's, after dividing out by the volume of the 
gauge group in (4.55). With the measure (4.56) and the commutation relations (4.21), we 
find that 7' = 7, as it should be, and also that the infinitesimal variation norm is given 
by II^tII — (^7) (^ )h(^7) • Thus the matrix O given by (4.22) defines a metric on the 
topological phase space V of harmonic forms. Notice that the wavefunctions (4.34) have 
inner product 

< ^'^^\ ^^/^ y-p = det-l/2Q ^qq' (457) 

and so the basis (4.53) can be used to define an orthonormal basis of the full physical 
Hilbert space. 

When the current sources are transported around contractable cycles in AI3, there is 
no additional phase contribution to the wavefunctions (4.53). This is not true, however, 
for homologically non-trivial motions of the particles and strings. Let us consider the 
effect on the wavefunctions (4.53) of the motion of particles and strings whereby first the 
particles wind t^ times around the k-th homology 1-cycle, so that /_ooJfc(^') dt' = tj^ 
and j\_^T^ {t') dt' = 0, and then afterwards the strings wind s/^ times around the k-th 
homology 2-cycle, so that J^ Jki^') dt' = and J^ T, {t') dt' = Sj^. The linkings of these 
particles and strings are represented by the angle function ^ u • Then we find, modulo 
these linkings, from (4.33) that the wavefunctions (4.53) are transformed as 

*X ( I ) i«. *•• ^^ '1 - -p [^^^^^"'^ + ^ h^^' + *-*^"*0 - ^^^"^ 



q' 



where the matrices 



[y{s,t)]qq, = e^Y> 



'-^s.M'--H,.^^{-s,^-,,,M'-%) ^^^^ 



(4.58) 



(4.59) 
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a2{n, m- n', m') = ^ (n^M^^m"^ - n'^M^^rrA (4.61) 



form a (/ci)^ dimensional representation of a variation of a clock algebra 

y (., t)y(/, tO = e¥(^^^'^^4-4M'=^i.)y (/, tOy (., t) (4.60) 

which can be viewed as the dual of the algebra (4.27) with ki and /c2 interchanged and the 
linking matrix Mj^^ replaced by its inverse M^. 

4.3. Discussion and Conclusions 

We have shown in the above that the full Hilbert space of BF theory with sources 
is {kik2M)P dimensional and the wavefunctions carry a one-dimensional unitary repre- 
sentation of the fractional particle-string exchange holonomies through the angle function 
^ , in (4.53), with statistics parameter ^. The wavefunctions in addition carry a 1 
dimensional projective representation of the local gauge symmetries, as well as a (/c2)^ 
dimensional projective representation of the algebra (4.27) of large gauge transformations 
with the 2-cocycle 

kjM 

They also carry the corresponding representation of the dual algebra, obtained by inter- 
changing ki and /c2 and inverting M^^, where the dual tranformations transport the particle 
and string sources around the non-trivial homology cycles in 7W3. What is also interesting 
is that when the space Ai^ does contain non-trivial homology cycles, the spectrum of the 
pure source-free BF theory is also non-trivial and provides quantum representations of the 
non-trivial cohomology of Ai's- In all of this, when the linkings of the homology 1-cycles 
with the homology 2-cycles is non-trivial the linking matrix M plays an important role: 
It appears in both the dimensionality of the Hilbert space and the U(l) 2-cocycle that 
arises in the projective cohomology representations of A^3. Its appearence is quite nice, 
since a complete homological representation should also reflect the non-triviality of M 
in these cases. 

The above results provide a full, detailed description of the enlarged Hilbert space of the 
particle-string system, with inner product (4.55), and we see precisely how the fractional 
linkings of particles and strings are realized in the physical states. The discrete transfor- 
mation groups above, along with the fractional exchange holonomies, are the analogs of 
the braid group representations that one obtains in conventional anyon theories [1,24], i.e. 

23 



they represent the generators of the fundamental homotopy group of the particle-string 
configuration space. For a system of identical, oriented strings this fundamental group is 
known as the motion group [15,25]. In the present case the wavefunctions carry a uni- 
tary representation of both the generators of this group which correspond to the exchange 
holonomies between particles and strings and, in the case of a topologically non-trivial spa- 
tial manifold, the generators which are associated with the windings of the sources around 
the non-trivial homology cycles of the manifold. These latter topological generators are 
dual to the generators of large gauge transformations, and we see that the BF-theory leads 
to a duality between large gauge transformations and linking operations. This inherent 
duality in the wavefunctions yields a quantum representation of the cohomology of the 
space on which the BF theory is defined, and also of the possible non-trivial linkings of the 
homology cycles. Thus the BF-type topological field theory description of the adiabatic 
transports which occur in such a model is well-suited to describe the fractional statistics 
which can occur in 4 dimensions, and it provides a phenomenological description of anyons 
propagating in 3-dimensional space, and of the fractional statistics of strings themselves. It 
also provides interesting quantum representations of the non-trivial topological properties 
that Ai^ may possess, and of the resulting motion group on 7VI3. 



APPENDIX: ADIABATIC LINKING 
NUMBERS IN CURVED SPACES 

In this Appendix we present some details of the calculation of the curved space solid 
angle function which was introduced in (4.50). Many of the calculations in a curved space 
are performed by decomposing the space of functions on Ai^ in terms of the eigenfunctions 
of the scalar Laplacian operator 

vJV'a(^) = *d * diJxix) = X^i^xi^) (A.l) 

These functions can be normalized so that 

V'A * ^A' = '^A,A' (A.2) 



M 



3 



In the case of degeneracies it is always possible to define an orthonormal set in the de- 
generate subspace, and this will be implicitly assumed in this Appendix. One important 
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function is the constant function ipQ = (J^ d x)^^^ the single zero mode solution of (A.l) 
in the space of functions on 7VI3. This decomposition can be used to represent the Dirac 
delta function on this space through the completeness relation 

S^^\x,y) = $^Va(^)V'a(?/) or 6^^''^\x,y)d^y = J^ Mx) * i^ x{y) (A.3) 

A A 

The above decomposition for functions on TVf 3 is the Hodge decomposition for 0-forms, 
the elements of A (7W3). Every 0-form can be expressed in terms of a coexact 0-form, -i/'A 
for A 7^ 0, an exact 0-form, which doesn't exist since there are no (— l)-forms, and a 
harmonic 0-form, the constant function i/jq. A similar decomposition exists for 1-forms on 
A^3, the elements of A (7VI3). The exact 1-forms are 

(e) _ dijJx ^^,,, f , (e) , .(e) 



V-A^ JM3 

for A 7^ 0, while the coexact 1-forms are a new set of forms satisfying 

*rf * d""^ = , (V^^h^V'l''^ = *d * dipf^ = \^ip^^ (A.5) 

A ^ A A A 

which are also normalized as 

^f A *V^^^ = 5^ ^, (A.6) 

The index (c) will be dropped from here on to simplify notation. We consider only those 
•i/'r with A 7^ 0, which in this decomposition then leaves only the harmonic 1-forms given 
by the a^ introduced at the beginning of Section 4. They are normalized by the relation 

(4.3). 

It is also possible to define a Dirac delta function for 1-forms in the following sense. 
Such a function belongs to the space K {M.^{x)) (g) A (7^3(1/)), and when it is wedged with 
a 1-form a{y) E A {M.^{y)) and the resulting 3-form on A {A4^{y)) is integrated over 7W3, 
we are left with the 1-form a{x) G A (^^3(0:)). From the Hodge decomposition above, it 
is rather straightforward to show that this delta function has the representation in terms 
of the completeness relation 

^('•2)(x. !,) = - ^ dMx),dMv) ^ J2 i.j(x) . i.j(y) + at{.)M'"'Mv) (A.7) 

Note that from (A.7) we can represent the linking matrix (4.1) of Ai^ as 

7^"^"= [ [ d^^^^\x,y) (A.8) 

il]"(y) iL"(x) 
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which is vahd only with the normahzation (4.2) of the harmonic generators. The Hodge 
decompositions of 2-forms and 3-forms are the Hodge-duals of the above decompositions 
of 1-forms and 0-forms, respectively. 

If we look at the definitions of the particle current (2.11) and string current (2.12) 
and integrate the time components, we recognize the delta functions (A. 3) and (A. 7), 
respectively. Using the decomposition (4.39) and (4.40) for the particle current (2.11), we 
find that 

/(x, t) = Y,QaYl Mx)i^x(ra{t)) (A.9) 

a X 



and 

di(;x{ra{t)) 1 df{x,t) 

with the harmonic part 






g f rra{t) \ 



which is just equation (4.41). Here rg is some fixed basepoint in Ai^. 

Similarily from the string current decomposition (4.42) and (4.43) of (2.12) we find 



and 



(x,t) = -^(/>5 5^^^A(^)4( / *diJx] (A.14) 






with the harmonic part 



which is equal to (4.44). By ai){t) we mean the string embedding X^(t, cr), while ^^^(t) 
represents a surface, the string world sheet projected onto A^3, having the boundary aifit) 
at time t. 
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Let us now compute the expression (4.49) using the relations (A. 9), (A. 10), (A. 13) and 
(A. 14). We find that 






a.b 



E 4^A(ra(t))| ( / *d^x] -El/ 



Integrating the first term in (A. 17) by parts over time gives 



(A.17) 



d 



^(^) = Y^ah^, 



a,b 



dt 



E X2^A(ra(t)) 



At^O 



Sbit) 



*dtjjx 



rmC. 



+ E?a</>6M^(ra(t))r^(t)M-M / /3^ 



a.b 



Et2 I / *d^x\^^^x{ra{t)) 



+ E [j^^^^^ *^A j (^a), Mt)) + ^j^^^^^ (3m j M-^ (a,), (r«(t))j r^(t) 

(A.18) 
The last 3 terms in (A.18) can be collected together to give the delta function (A. 7) 
integrated over ^^(t), and then comparing the second term in (A.18) with (A. 12) and 
(A. 16) we find 



^w = -i^E^« 

a.b 



«^^^+jKt)M™^ / E^{t')dt' 



dt 



(A.19) 



(5) 



where we have defined the function ^ , by 



*i?w = 4- 



oo \J Ui,{t' 



d(^^^\ra{t'),X,{t',a)))rl{t')dt' 



+ 4^ET2V'A(^a(t)) I / *#A 



(A.20) 



We need to check that $^^ is independent of the chosen surface Si^{t) given its bound- 
ary a5(t). If we choose a different surface i^&(t) with Uf^ — IJi^ = dB^ for some volume S5, 
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then the second term in (A. 20) wiU change by 

^^ab(t) = 4^ E ^Mrait)) ( f . *rfVA ) (A.21) 

Using Stokes' theorem we then find 

(A.22) 
This shows that if we continuously deform Ui){t) then the second term in (A. 20) does 
not change unless we cross the particle at ra{t), and then the change is 4n which will be 
cancelled by the first term in (A. 20). The contribution from the i/jq function in (A.22) will 
vanish when we sum over qa and (pfj in (A. 19). 

A string encircling a fixed particle (i.e. ra{t) constant) once can be represented by 
^5(^1) = ^5(^2) after it has swept out a closed volume containing the particle in time 
t2 — ti, and in this case the second term in (A. 20) will add Air to ^ u ■ Alternatively, if 
the string is fixed we can choose Ui,{t) constant, and when a particle encircles the string 
and returns back to its original position the only contribution to ^ , is the first term in 
(A. 20) which precisely counts the number of times it crosses U^j, giving again the correct 
linking number. The function (A. 20) therefore has the properties that it increases by 4n 
everytime that particle a and string b link themselves exactly once, and furthermore it 
is independent of the paths of the particles and strings, as long as they do not intersect. 
(A. 20) also reduces to the standard Euclidean space solid angle when the string and particle 
paths are infinitesimal, since then this function becomes the angle function (3.11). The 
canonical linking function ^^^'(t) above is the adiabatic limit of the covariant linking 
number 



Im,{^.L)= Al (A.23) 

Jb{s) 

in 7W4 of a loop L and a closed surface U [2,3]. Here B{U) is a volume bounded by U 
and A^ is the deRham current [17] which is the Poincare-dual of the embedding of L 
in A^4. The deRham current can be written as A^ = J^ A where A is the Dirac delta 
function 5' '^(r(r), x) in the space A (7W4(r(r)))(S)A'^(A^4(a:)) which restricts the domain 
of integration over A^4 to L, i.e. fj^^ Ai A a = /^ a for any 1-form a. 
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